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Nambu-Poisson bracket
• Generalization of Poisson brackets [Takhtajan 94]

• {f, g, h} = Pabc(x) ∂a f(x) ∂b g(x) ∂c h(x)

• Example: (x1, x2, x3) ∈ R3

{f, g, h} = εabc (x) ∂af(x) ∂bg(x) ∂ch(x)

(a, b, c = 1,2,3)

1. Skew-symmetry

2. Fundamental identity (generalized Jacobi id.)

3. Leibniz rule (not required for Lie 3-algebra)

{f, g, h1.h2} = {f, g, h1}h2+{f, g, h2}h1



Fundamental Identity
Symmetry transformation

δ(A,B)C = {A, B, C}

Closure:

[δ(A,B) ,  δ(C,D)] = δ(E,F) + δ(G,H)

(E, F)= (δ(A,B)C, D), (G, H) = (C, δ(A,B)D)

Covariance:

δ(A,B){C, D, E} = {δ(A,B)C, D, E} +

 {C, δ(A,B)D, E} + {C, D, δ(A,B)E}



• For Poisson bracket,

Darboux’ theorem:

Locally, Pab  can be described in terms of
canonical variables,

{pi , qj} = δij

• For Nambu-Poisson bracket,

Decomposability theorem:

Locally, Pabc = εabc  for 3 of the n coordinates,

{xa, xb, xc} = εabc



Volume-Preserving
Diffeomorphism

• NP bracket generates volume-preserving
diffeomorphisms.
generalization of Liouville theorem

• Example: { xa, xb, xc } = εabc

δΛ f(x) =  ∑ij Λij{φi, φj, f} = εabc ∂aΛb(x) ∂c f(x)
Λb(x) ≡ ∑ij Λij φi(x) ∂bφj(x)
⇒ δΛ (dx1dx2dx3) = 0

gauge theory?



M5-brane in M theory
• Self-dual 3-form gauge field in 6 dim’s.

Pasti-Sorokin-Tonin [1997]
Ho-Matsuo 0804.3629 [2008]
Ho-Imamura-Matsuo-Shiba 0805.2898 [2008]

• In a constant C-field (3-form) backgroud

x = (x0, x1, x2) ∈ R1+2

y = (x3, x4, x5) ∈ R3  ← C
• 2-form gauge potential:

Axx , Axy , Ayy

Fxxx , Fxxy , Fxyy , Fyyy



Linearized  Self-Dual 3-Form Gauge Field

Gauge transformation:

Equations of motion:

                                                  ⇒

2-form gauge potential:

Self-dual conditions:



M5-brane in C-field background



Complete nonlinear action of M5-brane
with self-dual gauge fields in C-field is
derived from Bagger-Lambert-Gustavsson
model [2007, 2008] for multiple M2-branes
with Lie 3-algebra = NP bracket:

• Supersymmetry
• Gauge symmetry defined by NP bracket
• Self-dual 3-form gauge field
• Seiberg-Witten map



Conclusion
• Nambu-Poisson bracket ↔

gauge symmetry of volume-preserving
diffeomorphism

• Self-dual 3-form gauge field theory on 6D

Future directions
• Quantization of Nambu-Poisson bracket

Lie 3-algebra, nonassociative geometry,…
• More understanding and more applications


